ABSTRACT. We consider contact structures on simply-connected 5-manifolds which arise as circle bundles over simply-connected symplectic 4-manifolds and show that invariants from contact homology are related to the divisibility of the canonical class of the symplectic structure. As an application we find new ex-
INTRODUCTION
The Boothby-Wang construction [2] associates to each symplectic manifold (M, ω), such that the symplectic form ω represents an integral class in H 2 (M ; R), a contact structure ξ on the circle bundle X over M whose Euler class is given by the class represented by ω. In this article we are interested in the case where X is a simply-connected closed 5-manifold. In Section 4 we will show that in this case the 4-manifold M also has to be simply-connected and the Euler class [ω] indivisible. In addition, it follows that the integral homology of X is torsion free. By the classification of simply-connected closed 5-manifolds due to D. Barden [1] , it is possible to determine the 5-manifold X up to diffeomorphism: X is diffeomorphic either to the connected sum or to
depending on whether X is spin or non-spin. Here S 2× S 3 denotes the non-trivial S 3 -bundle over S 2 . Moreover, the 5-manifold X is spin if and only if M is spin or the mod 2 reduction of the Euler class [ω] equal to the second Stiefel-Whitney class of M . As a consequence of this diffeomorphism classification, one can construct Boothby-Wang contact structures on the same simply-connected 5-manifold X using different simply-connected symplectic 4-manifolds (M, ω) and (M ′ , ω ′ ).
Up to the spin condition, the 4-manifolds only need to have the same second Betti number.
In Section 3 we consider contact structures and almost contact structures on simply-connected 5-manifolds in general. In particular, we consider the notion of equivalence of these structures, i.e. when two such structures can be made identical by a sequence of deformations and self-diffeomorphisms of the manifold. We will show that two almost contact structures are equivalent on a simply-connected 5-manifold if and only if their first Chern classes have the same maximal divisibility.
Since symplectic 4-manifolds exist in great number, it is likely that many of the induced Boothby-Wang contact structures on the same 5-manifold X are not equivalent as contact structures, even if they are equivalent as almost contact structures. In Section 7 we will show that invariants derived from contact homology defined in [5] are related to the divisibility of the canonical class of the symplectic structure on the simply-connected 4-manifold. This is summarized in the main result Corollary 43. It shows that the existence of inequivalent contact structures on simplyconnected 5-manifolds with torsion free homology is connected to the geography question of simply-connected 4-manifolds with divisible canonical class. As an application we find new examples of inequivalent contact structures in the same equivalence class of almost contact structures with non-zero first Chern class. A related discussion has appeared in [18] . Inequivalent contact structures on simplyconnected 5-manifolds with vanishing first Chern class have been found before by O. van Koert in [13] . Also I. Ustilovsky [19] found infinitely many contact structures on the sphere S 5 and F. Bourgeois [3] on T 2 × S 3 and T 5 , both in the case of vanishing first Chern class.
Since the linking number and the second Stiefel-Whitney class are homotopy invariants, it follows in particular that simply-connected, closed 5-manifolds which are homotopy equivalent are already diffeomorphic.
It is possible to give a complete list of building blocks of simply-connected 5-manifolds such that each simply-connected 5-manifold is a connected sum of some of those building blocks. In the following, we are particularly interested in simplyconnected 5-manifolds X whose integral homology is torsion free. By Poincaré duality and the Universal Coefficient Theorem the whole integral homology is torsion free if and only if the second homology H 2 (X) is torsion free. Simplyconnected 5-manifolds satisfying this condition have a simple structure, because they can be constructed using only two building blocks, which can be described in the following way.
There exist up to isomorphism precisely two oriented S 3 -bundles over S 2 -the trivial bundle S 2 × S 3 and a non-trivial bundle denoted by S 2× S 3 . The manifold S 2× S 3 can be constructed as follows: Let B = S 2× D 3 denote the non-trivial D 3 -bundle over S 2 . Then the boundary ∂B is the non-trivial S 2 -bundle over S 2 , hence diffeomorphic to CP 2 #CP 2 . Let φ : ∂B → ∂B denote the orientation reversing diffeomorphism obtained by interchanging the summands of ∂B. Then the 5-manifold S 2× S 3 is obtained by gluing together two copies of B along their boundaries via the diffeomorphism φ. In particular, the manifold S 2× S 3 is nonspin, because a spin structure would induce a spin structure on B and hence on ∂B, which is non-spin.
It follows from the list of building blocks in Barden's article [1] that S 2 ×S 3 and S 2× S 3 are the only building blocks with torsion free second integral homology. Hence every simply-connected 5-manifold with torsion free homology decomposes as a connected sum of several copies of these two manifolds. Moreover, one can show with Theorem 1 that there exists a diffeomorphism
hence in every non-spin connected sum one S 2× S 3 summand suffices. This implies:
Proposition 2. Let X be a simply-connected closed oriented 5-manifold with torsion free homology. Then X is diffeomorphic to
The empty sum in (a) for b 2 (X) = 0 is the 5-sphere S 5 .
CONTACT STRUCTURES ON SIMPLY-CONNECTED 5-MANIFOLDS
Let X 2n+1 denote a connected, oriented manifold of odd dimension. By definition, an almost contact structure on X is a rank 2n-distribution ξ ⊂ T X together with a symplectic structure σ on the vector bundle ξ → X. A contact structure is an almost contact structure such that the symplectic form σ on ξ is of the form (dα)| ξ , where α is a nowhere vanishing 1-form on X that defines ξ in the sense that the kernel distribution ker α equals ξ. The 1-form α is called a contact form.
If (ξ, σ) is an almost contact structure, we can choose a complex structure on ξ compatible with the symplectic form σ and hence define Chern classes c k (ξ) ∈ H 2k (X). These classes do not depend on the choice of compatible complex structure, because the space of complex structures compatible with a given symplectic form is contractible. However, they depend on the choice of symplectic structure. For a contact structure we can choose complex structures compatible with the symplectic form (dα)| ξ for a defining 1-form α. Since any two defining 1-forms only differ by multiplication with a nowhere zero function on X, it follows that the Chern classes c k (ξ) of a contact structure depend only on the contact distribution ξ, not on the choice of contact form α.
The first Chern class of an almost contact structure ξ is related to the second Stiefel-Whitney class of the manifold X in the following way:
Proof. By the Whitney sum formula for T X = ξ ⊕ R,
Since ξ → X is a complex vector bundle, with complex structure compatible with σ, we have w 2 (ξ) ≡ c 1 (ξ) mod 2. This implies the claim.
Suppose that ξ t , for t ∈ [0, 1], is a smooth family of contact structures on a closed manifold X. We can choose a smooth family of 1-forms α t defining ξ t . Using the Moser technique, one can prove that there exists a smooth family ψ t of self-diffeomorphisms of X with ψ 0 = Id X such that ψ * α t = f t α 0 , for smooth functions f t on X [16] . This implies the following theorem of J. W. Gray [8] . Because of this theorem, we call contact structures ξ, ξ ′ which can be deformed into each other by a smooth family of contact structures isotopic. We call almost contact structures homotopic, if they can be connected by a smooth family of almost contact structures. The contact structures in an isotopy class or the almost contact structures in a homotopy class all have the same Chern classes. We can also consider (almost) contact structures ξ, ξ ′ which are permuted by an orientationpreserving self-diffeomorphism ψ of X, in the sense that ψ * ξ ′ = ξ.
Definition 5.
We call almost contact structures and contact structures on an oriented manifold X equivalent, if they can be made identical by a combination of deformations (homotopies and isotopies, respectively) and by orientation-preserving self-diffeomorphisms of X.
The existence question for almost contact structures on 5-manifolds was settled by the following theorem of Gray [8] . Here W 3 (X) ∈ H 3 (X) is the third integral Stiefel-Whitney class, defined as the image of w 2 (X) under the Bockstein homomorphism.
The existence of contact structures on simply-connected 5-manifolds was proved by H. Geiges [6] . He also proved a classification theorem for almost contact structures on simply-connected 5-manifolds up to homotopy: A different proof for the existence of contact structures on simply-connected 5-manifolds can be found in [13, 14] . The fact, that two almost contact structures are homotopic if they have the same first Chern class holds more generally for closed, oriented 5-manifolds without 2-torsion in H 2 (X). For a proof see [9, Theorem 8.18] .
We want to prove the following theorem, which is a consequence of Barden's classification theorem.
Theorem 8.
Suppose that X is a simply-connected, closed, oriented 5-manifold. Let c, c ′ ∈ H 2 (X) be classes with the same divisibility and whose mod 2 reduction is w 2 (X). Then there exists an orientation preserving self-diffeomorphism φ : X → X such that φ * c ′ = c.
Here divisibility means the maximal divisibility as an element in the free abelian group H 2 (X). The divisibility is zero if and only if the class is zero itself. The proof of the theorem uses the following lemma.
Lemma 9. Let G be a finitely generated free abelian group of rank n. Suppose α ∈ Hom(G, Z) is indivisible. Then there exists a basis e 1 , . . . , e n of G such that α(e 1 ) = 1 and α(e i ) = 0 for i > 1.
Proof. The kernel of α is a free abelian subgroup of G of rank n−1. Let e 2 , . . . , e n be a basis of kerα. The image of α in Z is a subgroup, hence of the form mZ. Since α is indivisible, m = 1, so there exists an e 1 ∈ G such that α(e 1 ) = 1. The set e 1 , . . . , e n is linearly independent. They also span G, because if g ∈ G is some element, then α(g − α(g)e 1 ) = 0, hence g = α(g)e 1 + i≥2 λ i e i .
We can now prove Theorem 8.
Proof. By the Universal Coefficient Theorem, H 2 (X) ∼ = Hom(H 2 (X), Z) since X is simply-connected. Hence we can view c, c ′ as homomorphisms on H 2 (X) with values in Z. Let p : Z −→ Z 2 denote mod 2 reduction. The assumption on c and c ′ is equivalent to
as homomorphisms on H 2 (X) with values in Z 2 . Since c and c ′ have the same divisibility, we can write
with G free abelian. Since c and c ′ are homomorphism to Z they vanish on TorH 2 (X). By Lemma 9 there exist bases e 1 , . . . , e n and e ′ 1 , . . . , e ′ n of G such that
Let θ be the group automorphism of H 2 (X) given by θ(e k ) = e ′ k for all k ≥ 1, and which is the identity on TorH 2 (X). Then
Hence c ′ • θ = c on the free abelian subgroup G. This equality holds on all of H 2 (X) because c and c ′ vanish on the torsion subgroup. By the assumption above, this implies that w 2 (X) • θ = w 2 (X). Moreover, since θ is the identity on TorH 2 (X), it preserves the linking form. By Theorem 1, the automorphism θ is induced by an orientation preserving self-diffeomorphism φ : X −→ X such that φ * = θ. We have
Hence φ * c ′ = c.
We get the following corollary for almost contact structures. One direction is clear, because homotopies do not change the Chern class and self-diffeomorphisms of the manifold do not change the divisibility. The other direction follows from Theorem 8 and the first part of Theorem 7.
Definition 11. For an almost contact structure ξ on a simply-connected 5-manifold X, we denote the divisibility of c 1 (ξ) as a class in the free abelian group H 2 (X) by d(ξ).
We call d(ξ) the level of the almost contact structure ξ. By Corollary 10, almost contact structures and hence contact structures on a simply-connected 5-manifold X naturally form a "spectrum" consisting of levels which are indexed by the divisibility of the first Chern class. Two contact structures on X are equivalent as almost contact structures if and only if they lie on the same level. By Lemma 3, simplyconnected spin 5-manifolds have only even levels and non-spin 5-manifolds only odd levels. In Section 7, we will use invariants from contact homology to investigate the "fine-structure" of contact structures on each level in this spectrum. For instance, O. van Koert [13] has shown that for many simply-connected 5-manifolds the lowest level, given by divisibility 0, contains infinitely many inequivalent contact structures.
TOPOLOGY OF CIRCLE BUNDLES
In this section we collect some results on the topology of circle bundles. In particular, we determine which simply-connected closed 5-manifolds can arise as circle bundles over 4-manifolds.
Let M be a closed, connected, oriented n-manifold. For a second integral cohomology class c on M consider the map
given by evaluation.
Definition 12.
We call the class c indivisible if c, − is surjective.
Clearly, if the class c is indivisible, then c cannot be written as c = ka, with k > 1 and a ∈ H 2 (M ). By Poincaré duality it follows that a class c ∈ H 2 (M ) is indivisible if and only if the map
Suppose that π : X → M is the total space of a circle bundle over M with Euler class e ∈ H 2 (M ). For the following proofs we will need two results which are probably well known, but included here for completeness. The first result is related to the exact Gysin sequence [17] :
The homomorphism π * is called integration along the fibre and can be characterized in the following way.
Lemma 13.
Integration along the fibre π * :
Proof. We only sketch the proof. Let π : D → M denote the disc bundle with Euler class e. Then X ∼ = ∂D and integration along the fibre
is given by (see [17] )
Here δ denotes the connecting homomorphism in the long exact sequence of the pair (D, ∂D) and τ −1 the inverse of the Thom isomorphism. The proof follows from this.
The second result is related to the long exact homotopy sequence associated to the fibration
the long exact homotopy sequence for fibre bundles is given by
where h denotes the Hurewicz homomorphism.
Proof. Let f : S 2 → M be a continous map and E = f * X the pull-back S 1 -bundle over S 2 . By naturality of the long exact homotopy sequence there is a commutative diagram
Since f can represent any element in π 2 (M ) and the equation f * (e(X)) = e(E) holds by naturality of the Euler class it suffices to prove the claim for M equal to S 2 . We then have to prove that the map ∂ :
By the exact sequence above it follows that π 1 (S 1 ) = Z maps surjectively onto π 1 (E). Hence π 1 (E) is an abelian group. Therefore we have to prove that H 2 (E) ∼ = H 1 (E) ∼ = π 1 (E) is equal to Z/aZ. This follows from the following part of the Gysin sequence:
Lemma 15. The Euler class e is indivisible if and only if
is an isomorphism. Both statements are equivalent to the fibre S 1 ⊂ X being null-homologous.
Proof. Consider the following part of the Gysin sequence:
This shows that e is indivisible if and only if π * : H n (X) → H n−1 (M ) is an isomorphism, in other words
is an isomorphism. The long exact homotopy sequence of the fibration S 1 → X → M induces by abelianization an exact sequence
Hence we see that e is indivisible if and only if the fibre S 1 ⊂ X is null-homologous.
From the long exact homotopy sequence above, we see that the fibre is nullhomotopic if and only if ∂ : π 2 (M ) → π 1 (S 1 ) is surjective. By Lemma 14, this happens if and only if e, − is surjective on spherical classes. Both statements are equivalent to
being an isomorphism.
Lemma 16. X is simply-connected if and only if M is simply-connected and e is indivisible.
Proof. If X is simply-connected, the long exact homotopy sequence shows that π 1 (M ) = 1 and ∂ : π 2 (M ) → π 1 (S 1 ) is surjective. Hence M is simply-connected and the surjectivity of ∂ implies that e is indivisible. Conversely, suppose that M is simply-connected and e is indivisible. Then the Hurewicz map h :
is an isomorphism and it follows that ∂ is surjective. The long exact homotopy sequence then implies the exact sequence 1 → π 1 (X) → 1. Hence π 1 (X) = 1.
Lemma 17. Suppose the first Betti number of
Proof. We consider the following part of the Gysin sequence:
Lemma 18. The image of π * :
is in the image of π * if and only if e ∪ α = 0, which is the case if and only if the Poincaré dual b = P D(α) ∈ H 2 (M ) satisfies e, b = 0. Since integration along the fibre
is by Lemma 13 Poincaré dual to
this proves the claim.
We now determine when the total space X is spin. 
Proof. We claim that the following relation holds:
This follows because the tangent bundle of X is given by T X = π * T M ⊕ R and the Whitney sum formula implies
Hence X is spin if and only if w 2 (M ) is in the kernel of π * . We consider the following part of the Z 2 -Gysin sequence:
where e denotes the mod 2 reduction of e. Hence the kernel of π * is {0, e}. This implies the claim.
We now specialize to the case where the dimension of M is equal to 4.
Theorem 20. Let X be a simply-connected closed oriented 5-manifold which is a circle bundle over a closed oriented 4-manifold M . Then M is simply-connected and the Euler class e is indivisible. Moreover, the integral homology and cohomology of X are torsion free and given by:
Proof. We only have to prove that the cohomology of X is torsion free and the formula for H 2 (X). The cohomology groups H 0 (X), H 1 (X) and H 5 (X) are always torsion free for an oriented 5-manifold X. We have the following part of the Gysin sequence:
By assumption, H 3 (M ) = 0. Therefore the homomorphism π * injects H 3 (X) into H 2 (M ), which is torsion free by the assumption that M is simply-connected. Hence H 3 (X) is torsion free itself. It remains to consider H 2 (X) and H 4 (X).
By the Universal Coefficient Theorem and Poincaré duality, H 2 (X) is torsion free if and only if H 1 (X) is torsion free, if and only if H 4 (X) is torsion free. Since H 1 (X) = 0, we see that H 2 (X) and H 4 (X) are torsion free.
By Lemma 17 we have H
is torsion free and e is indivisible, H 2 (M )/Z · e ∼ = Z b 2 (M )−1 . This implies the formula for
With Proposition 2, we get the following corollary (this has also been proved in [4] ).
Corollary 21. Let M be a simply-connected closed oriented 4-manifold and
X the circle bundle over M with indivisible Euler class e. Then X is diffeomorphic to(a) X = #(b 2 (M ) − 1)S 2 × S 3 if X is spin (b) X = #(b 2 (M ) − 2)S 2 × S 3 #S 2× S 3 if X is not spin.
The first case occurs if and only if
Since every closed oriented 4-manifold is Spin c and hence w 2 (M ) is the mod 2 reduction of an integral class, it follows as a corollary that every closed simplyconnected 4-manifold M is diffeomorphic to the quotient of a free and smooth
THE BOOTHBY-WANG CONSTRUCTION
We want to construct circle bundles over symplectic manifolds M whose Euler class is represented by the symplectic form. Since the Euler class is an element of the integral cohomology group H 2 (M ), the symplectic form has to represent an integral cohomology class in H 2 (M ; R), i.e. it has to lie in the image of the natural homomorphism
The existence of such a symplectic form is guaranteed by the following argument (this argument is from [7, Observation 4.3] ): Let (M, ω) be a closed symplectic manifold. For every Riemannian metric on M , there exists a small ǫ-ball B ǫ around 0 in the space of harmonic 2-forms on M such that every element in ω + B ǫ is symplectic. Since the set of classes in H 2 (M ; R) represented by these elements is open, there exists a symplectic form which represents a rational cohomology class. By multiplication with a suitable integer, we can find a symplectic form which represents an integral class. If we want, we can choose the integer such that the class is indivisible. Note also that all symplectic forms in ω + B ǫ can be connected to ω by a smooth path of symplectic forms. This implies that they all have the same canonical class K as ω.
We fix the following data:
(a) A closed connected symplectic manifold (M 2n , ω) with symplectic form ω, representing an integral cohomology class in H 2 (M ; R).
DR (M ). Let π : X → M be the principal circle bundle over M with Euler class e(X) = [ω] Z . By a theorem of Kobayashi [12] we can choose a U (1)-connection A on X −→ M whose curvature form F is 2π i ω. Then A is a 1-form on X with values in u(1) ∼ = iR which is invariant under the S 1 -action and there are the following relations, coming from the definition of a connection on a principal bundle:
Here R denotes the fundamental vector field generated by the action of the element 2πi ∈ u(1). An orbit of R, topologically a fibre of X, has period 1.
Proposition 22. Define the real valued 1-form
Proof. We have the relations
This implies the corresponding relations for λ. The tangent bundle of X splits as T X ∼ = R ⊕ π * T M , where the trivial R-summand is spanned by the vector field R. Fix a point of X and choose a basis (R, v 1 , . . . , v 2n ) of its tangent space, where the v i form an oriented basis of the kernel of λ. Then
Hence λ ∧ (dλ) n is a volume form on X, and λ is contact.
Remark 23. If we define the orientation on X via the splitting T X ∼ = R ⊕ π * T M , where the trivial R-summand is oriented by R and T M by ω, then λ is a positive contact form if n is even and negative otherwise.
Definition 24. The contact structure ξ on the closed oriented manifold X 2n+1 , defined by the contact form λ above, is called the Boothby-Wang contact structure associated to the symplectic manifold (M, ω). Since dλ(R) = 0, the Reeb vector field of λ is given by the vector field R along the fibres.
For the original construction see [2] .
Proposition 25. If λ ′ is another contact form, defined by a different connection A ′ as above, then the associated contact structure ξ ′ is isotopic to ξ.
Proof. The connection A ′ is an S 1 -invariant 1-form on X with
Hence A ′ − A = π * α for some closed 1-form α on M . Define A t = A + π * tα for t ∈ R. Then A t is a connection on X with curvature −2πiω for all t. Let λ t = λ + π * ( 1 2πi tα). Then λ t is a contact form on X for all t ∈ [0, 1] with λ 0 = λ and λ 1 = λ ′ . Therefore, ξ and ξ ′ are isotopic through the contact structures defined by λ t .
The Chern classes of ξ are given by the Chern classes associated to ω in the following way. 
for some α ∈ {0, 1}.
Proof. Let J be a compatible almost complex structure for ω on M . Then there exists a compatible complex structure J ′ for ξ on X such that π * (T M, J) ∼ = (ξ, J ′ ) as complex vector bundles. The naturality of characteristic classes proves the first claim. The second claim follows from Lemma 19 and c 1 (M ) ≡ w 2 (M ) mod 2.
THE CONSTRUCTION FOR SYMPLECTIC 4-MANIFOLDS
We fix the following data: (a) A closed, simply-connected, symplectic 4-manifold (M, ω) with symplectic form ω representing an integral cohomology class in H 2 (M ; R), given by the argument at the beginning of Section 5. Since H 2 (M ) is torsion free,
[ω] has a unique integral lift, denoted by [ω] Z ∈ H 2 (M ). We somtimes denote the integral lift also by [ω] or ω. We assume that [ω] Z is indivisible. (b) Let π : X −→ M be the principal S 1 -bundle over M with Euler class e(X) = [ω] Z . Then X is a closed, simply-connected, oriented 5-manifold with torsion-free homology by Theorem 20. (c) Let λ be a Boothby-Wang contact form on X with associated contact structure ξ. By Proposition 25, the contact structure ξ does not depend on λ up to isotopy. By Corollary 21, the 5-manifold X is diffeomorphic to
Hence the same abstract, closed, simply-connected 5-manifold X with torsion free homology can be realized in several different ways as a Boothby-Wang fibration over different simply-connected symplectic 4-manifolds M and therefore admits many, possibly non-equivalent, contact structures.
Definition 27. Let d(ξ) ≥ 0 denote the divisibility of c 1 (ξ) in the free abelian group H 2 (X). Similarly, we denote by d(K) the divisibility of the canonical class K = −c 1 (M ) ∈ H 2 (M ) of the symplectic structure ω. The divisibility d(ξ) can be calculated in the following way: By Lemma 17, the bundle projection π defines an isomorphism
and by Lemma 26 we have
Let [c 1 (M )] denote the image of c 1 (M ) in the quotient H 2 (M )/Zω, which is free abelian since ω is indivisible. We will use π * to identify An important fact is the following:
Lemma 30. The integer d(ξ) is always a multiple of d(K).
Proof. We can write c 1 (
Hence the possible levels of Boothby-Wang contact structures are restricted to the multiples of the divisibility of the canonical class.
CONTACT HOMOLOGY
In this section we consider invariants derived from contact homology. We only take into account the classical contact homology H cont * (X, ξ) which is a graded supercommutative algebra, defined using rational holomorphic curves with one positive puncture and several negative punctures in the symplectization of the contact manifold. We use a variant of this theory for the so-called Morse-Bott case, described in [3] and in Section 2.9.2. in [5] .
We are going to associate to each Boothby-Wang fibration π : X → M as in the previous section a graded commutative algebra A(X, M ). Choose a basis B 1 , . . . , B N of H 2 (X), where N = b 2 (X) = b 2 (M ) − 1 and let
This is possible, because ω was assumed indivisible. The classes A 0 , A 1 , . . . , A N form a basis of H 2 (M ). We consider variables z = (z 1 , . . . , z N ), and
where a = b 2 (M )+1 and N denotes the set of positive integers. They have degrees defined by
where deg∆ i is given by
In our situation the degree of all variables is even (hence the algebra we are going to define is truly commutative, not only supercommutative).
Definition 31. We define the following algebras.
• L(X) = C[H 2 (X; Z)] = the graded commutative ring of Laurent polynomials in the variables z with coefficients in C. 
is a homomorphism of rings, which is the identity on L(X) and such that φ(
Lemma 32. The following statements hold:
(a) Up to isomorphism, the ring L(X) does not depend on the choice of basis B 1 , . . . , B N for H 2 (X).
(b) For fixed L(X), the algebra A(X, M ) does not depend, up to isomorphism over L(X), on the choice of the class
Proof. Let B 1 , . . . , B N be another basis of H 2 (X) and L(X) the associated ring, generated by variables z. Then there exists matrix
for all 1 ≤ m ≤ N . Then φ preserves degrees and is an isomorphism, since the matrix (β mn ) is invertible. Let A 0 be another element in H 2 (M ) such that ω(A 0 ) = 1 and A(X, M ) the associated algebra, generated by variables q. Then there exists a vector
with 1 ≤ n ≤ N , such that
and which is the identity on L(X). Then ψ preserves degrees and is invertible.
We choose a class A 0 ∈ H 2 (M ) with ω(A 0 ) = 1 and denote c 1 (A 0 ) by ∆. Hence the degrees of the variables q k,i are equal to
The integer ∆ has the following properties.
Lemma 33. The following relations hold:
Proof. Part (a) follows if we evaluate both sides on A 0 . To prove part (b), the integer d(K) divides d(ξ) by Lemma 30 and it divides c 1 (M ), hence also ∆. On the other hand, there exists a homology class
and γ ≡ ∆ mod d(ξ). Hence there exist integers x, y ∈ Z such that d(K) = xd(ξ) + y∆. This proves the claim.
We are interested in the algebra A(X, M ) because of the following result, described in [5] , Proposition 2.9.1:
Theorem 34. For a Boothby-Wang fibration X → M as above, the Morse-Bott contact homology H cont * (X, ξ) specialized
If two Boothby-Wang contact structures ξ and ξ ′ on X are equivalent, then their contact homologies are isomorphic. We now make the following assumptions:
(a) The simply-connected 5-manifold X can be realized as the Boothby-Wang total space over another closed, simply-connected, symplectic 4-manifold •
This shows that the isomorphism type of the contact homology for BoothbyWang contact structures on the same level is strongly related to the divisibility of the canonical class of the symplectic structure.
The proof of this theorem is done in several steps. Let d denote the integer d(ξ).
Remark 37. If c 1 (ξ) = 0, the variables z 1 , . . . , z n which generate the ring L(X) do not all have degree zero. Hence B(X, M ) = A(X, M )/L(X), which is an algebra over C, does not inherit a natural grading in this case. However, since the degrees of the variables z n are all multiples of 2d, the algebra B(X, M ) has a grading by elements in Z 2d . The images of the generators q k,i form generators for this infinite polynomial algebra and Q b is the set of generators of degree 2b mod 2d.
2
The following lemma shows that there is a relation between the cardinality of the set Q b of generators and the divisibility of the canonical class of the symplectic structure. 
This implies one direction of Theorem 35, because an isomorphism of A-algebras induces an isomorphism of B-algebras.
Proof. Suppose that d = 0 and that there exists an isomorphism φ : B(X, M ) → B(X, M ′ ). In this case, both algebras are graded by the integers and the elements of lowest degree in B(X, M ) and B(X, M ′ ) have degree −2 + 2∆ and −2 + 2∆ ′ , respectively. Since φ has to preserve degree, this implies ∆ = ∆ ′ and hence with coefficients in C and we can write
The images φ(q k,i ) are themselves polynomials in the variables {q ′ l,j } with coefficients in C. Expressed as a polynomial in the variables {q ′ l,j }, at least one of the images φ(q kw,iw ), 1 ≤ w ≤ v, must contain a summand of the form αq ′ r,s with α ∈ C non-zero. Since φ preserves degrees modulo 2, the element φ(q kw,iw ) is homogeneous of degree
The other direction of Theorem 35 follows from the next lemma.
Lemma 42. Suppose that either (i)
Proof. We can choose a basis B 1 , . . . , B N of H 2 (X) such that
Choose elements A 0 ∈ H 2 (M ) and A ′ 0 ∈ H 2 (M ′ ) which evaluate to 1 on the symplectic forms and set
We will use these bases to define the algebras A(X, M ) and 
Using Theorem 35 and Proposition 28 we get the following corollary. The part concerning equivalent contact structures follows because equivalent contact structures have isomorphic contact homologies.
Corollary 43. Let X be a closed, simply-connected 5-manifold which can be
Proof. Let k = d(K). We can assume that ω is integral and choose a basis for ω 2 , 0, . . . , 0) .
By a deformation we can assume that ω is not parallel to K, hence ω 2 = 0. We can also assume that ω 1 is negative while ω 2 is positive: Consider the change of basis vectors
where q is some integer. Then the expression of ω in the new basis is
Hence if q is large enough, has the correct sign and the ± sign is chosen correctly, the claim follows.
Suppose that σ ∈ H 2 (M ; Z) is an indivisible class of the form
which can be represented by a symplectic form, also denoted by σ. Let ζ denote the contact structure induced on the Boothby-Wang total space by σ. We claim that the divisibility d(ζ) is given by
To prove this we write K = −c 1 (M ) = rR + γσ, where R = (R 1 , R 2 , 0..., 0). Then k − γσ 1 and γσ 2 are divisible by r. This implies that r divides kσ 2 . Conversely note that by assumption σ 1 , σ 2 are coprime. Let R 1 , R 2 be integers with
and define γ = −kR 2 . Then we can write K = kσ 2 R − kR 2 σ. This proves the claim about d(ζ).
Suppose that m ≥ 1. By multiplying the expression for ω with the positive number We define the following purely number theoretic numbers. The following lemma gives a bound on the maximal number of inequivalent contact structures that can be distinguished with our method. To calculate some of the numbers Q(r, d) we can use the geography work in [10] . For example, recall that a homotopy elliptic surface M is a closed, simplyconnected 4-manifold that is homeomorphic to a surface of the form E(m) p,q with p, q coprime. By definition, homotopy elliptic surfaces have topological invariants In a similar way we can use other geography results from [10] to find more inequivalent contact structures on the same level on simply-connected 5-manifolds X of the form rS 2 × S 3 and rS 2 × S 3 #S 2× S 3 .
